Abstract. We consider a nontempered A-parameter ψ of SO(2n + 1, F ) of a certain type and the base point representation π in the A-packet of ψ. Letπ be the Aubert involution of π andψ the A-parameter ofπ. We investigate whether ψ andψ are symmetric. Although symmetry holds for large classes of parameters, we find it does not hold in general.
Introduction
This paper deals with large classes of nontempered representations of the odd orthogonal group SO(2n + 1, F ) over a p-adic field F . These representations arise from considerations of A-parameters of a certain type (2) . In accordance with Arthur's conjectures [1, 2] , each A-parameter should parametrize a finite set of equivalence classes of irreducible admissible representations, called an A-packet. There is, however, a natural way to associate to each A-parameter a particular representation; we call it a base point. We study effects of the duality operator on A-parameters via base points. Recall that A-parameters and A-packets emerged from Arthur's work on the question of how nontempered representations should fit into the trace formula.
There are very few examples beyond tempered parameters for larger groups, where Arthur's formalism has been confirmed.
The duality operator is a generalization of the Zelevinsky involution. The Zelevinsky involution is an operator defined on the Grothendieck group of the category of all smooth finite length representations of the general linear group GL(n, F ) [30] . This involution has many important properties. It relates a discrete series representation to the corresponding Langlands quotient. The Zelevinsky involution on GL(n, F ) preserves unitarity. Furthermore, its action on A-parameters can be precisely defined, as follows. Let ψ : W F × SL(2, C) × SL(2, C) → GL(n, C) be an A-parameter of GL(n, F ). Here, W F denotes the Weil group of F . Let π be the representation of GL(n, F ) associated to ψ. Denote byπ the Zelevinsky involution of π and byψ the A-parameter ofπ. Then, (1)ψ(w, x, y) = ψ(w, y, x).
In other words, the Zelevinsky involution acts on A-parameters by interchanging two copies of SL(2, C). We say ψ andψ are symmetric.
The Zelevinsky involution allows generalizations to a connected reductive quasisplit algebraic group G defined over F . Bernstein [9] , Schneider and Stuhler [23] , and Aubert [3] have defined duality operators on the category of all smooth finite length representations of G and on its Grothendieck group. The duality operator sends an irreducible representation to an irreducible representation. Other questions, related to important properties of the Zelevinsky involution, are still open. It is expected that the duality operator preserves unitarity, which seems to be very difficult to prove. Barbasch and Moy in [8] proved the conjecture for representations with nonzero Iwahori-fixed vectors, using the Kazhdan-Lustzig parametrization of such representations. Even more interesting is the question of the action of the involution on A-packets. Barbasch conjectured that the duality operator sends an A-packet to an A-packet. If Barbasch's conjecture holds, we may consider the A-parameter associated to an A-packet and the A-parameter associated to the packet obtained by applying the duality operator on the original packet. This raises the question of the action of the involution on A-parameters. It is conjectured that, as for general linear groups, the involution acts on A-parameters of G by interchanging two copies of SL(2, C). In [20] , Konno refers to it as Hiraga's conjecture, although the conjecture was known previously. In a joint work with Zhang [7] , we proved that, for a generic discrete series representation π of SO(2n + 1, F ), the A-parameters of π andπ are symmetric. This has further consequences; for example, this justifies a generic discrete series representation of a Levi subgroup of SO(2n + 1, F ) and its involution have the same R-group, as conjectured by Arthur (cf. [4, 5] ).
In this paper, we consider certain nontempered A-parameters. Let ρ be an irreducible unitary supercuspidal representation of GL(n, F ) and σ an irreducible supercuspidal generic representation of SO(2ℓ + 1, F ). Assume ρ is self-dual (equivalent to its contragredient). Denote by S n the n-dimensional irreducible complex representation of SL(2, C). Let φ be the L-parameter of ρ [15, 16] . According to the work of Jiang and Soudry [17] , we can find the L-parameter of σ. It is of the form i∈A φ i ⊗ S 1 . Let π be the base point representation associated to the A-parameter
Denote byπ the Aubert involution of π and byψ the A-parameter ofπ. In accordance with the conjectures explained above, one may expect
If (3) holds, we say the A-parameters of π andπ are symmetric. Symmetry is equivalent to (1), or, colloquially, the condition that the Aubert involution acts on the A-parameter of π by interchanging two copies of SL(2, C). We prove that symmetry of the parameters depends on both the parity of k and the point of reducibility α of
is reducible, then we have the following: if k is even,
(Theorem 4.1). In other words, if k is odd, the parameters of π andπ are symmetric; if k is even, they are not. Similar relations, with the parity of k interchanged, hold for α = 0 (Theorem 5.1). The case α = 1 is slightly different (Theorem 6.1). Let us point out that this does not imply the A-packets, with the corresponding Aparameters, are not symmetric under the Aubert involution. Indeed, it is possible that the Aubert involution does not send a base point to a base point (see Remark 6.1). Therefore, we do not prove or disprove the A-packets are symmetric under the Aubert involution. Our work concerns base points and A-parameters. This knowledge, however, is essential for understanding behavior of A-packets.
The base point associated to an L-parameter is determined based on the work of Jiang and Soudry [17] . They deal with groups SO(2n + 1, F ) and in this paper we consider the same series of groups. In view of the recent work by Cogdell, Kim, Piatetski-Shapiro and Shahidi [13] , we expect our methods can be applied to other series of classical p-adic groups.
We now give a short summary of the paper. In Section 2, we recall some basic definitions and properties of L-parameters and A-parameters. In Section 3, we prove some technical lemmas on Jacquet modules of parabolically induced representations.
The lemmas are needed in the rest of the paper and the proofs of the main results (Theorems 4.1, 5.1 and 6.1) relly on considerations of Jacquet modules. In Section 4, 5 and 6, we study symmetry of the A-parameters under the Aubert involution.
Although symmetry holds for large classes of parameters, we find it does not hold in general. As mentioned earlier, symmetry of the parameters depends on the point of reducibility α of the induced representation i G,M (ν α ρ ⊗ σ). Each section is devoted to one of the cases α = 
Preliminaries
In this section, we recall some basic definitions and properties of L-parameters and A-parameters and do some preliminary computation on A-parameters. Let F be a nonarchimedean local field of characteristic zero and G a reductive group over F . Let P be a standard parabolic subgroup of G with the Levi decomposition P = MU. 
If ρ and σ are admissible representations of GL(k, F ) and SO(2ℓ + 1, F ), define
Define ν = |det|. Let ρ be an irreducible supercuspidal representation of GL(k, F ) and m ≤ n integers. The set [ν m ρ, ν n ρ] = {ν m ρ, ν m+1 ρ, . . . , ν n ρ} is called a segment [30] . The induced representation ν n ρ × ν n−1 ρ × · · · × ν m ρ has a unique irreducible subrepresentation, which we denote by δ[ν m ρ, ν n ρ]. in the Grothendieck group.
The Aubert duality operator D G is defined on the Grothendieck group [3] . If π is an irreducible admissible representation of G, we defineπ = ±D G (π), taking the sign + or -so thatπ is a positive element in the Grothendieck group. We callπ the Aubert involution of π. It follows from [3] thatπ is an irreducible representation. 
any irreducible admissible representation π of SO(2n + 1, F ), there exist Langlands
2.4. Langlands parameters and base points. Let W F be the Weil group of F .
We take W F × SL(2, C) as the Weil-Deligne group [29, 19] . A Langlands parameter,
such that φ(W F ) consists of semi-simple elements in Sp(2n, C) and the restriction of φ to SL(2, C) is algebraic [11, 21, 19] . The parameter φ is tempered if the image φ(W F ) is bounded. Two L-parameters are equivalent if they are conjugate in Sp(2n, C).
According to the Local Langlands Conjecture, each parameter φ should parametrize a finite set of equivalence classes of irreducible admissible representations of SO(2n + 1, F ). The Langlands correspondence for real groups is the result of Shelstad [25] .
The Local Langlands Conjecture for GL(n, F ) was proved by Harris and Taylor [15] , and Henniart [16] . Jiang and Soudry in [17] defined a bijection
between the set of equivalence classes of L-parameters of SO(2n+ 1, F ) and the set of is a homomorphism
such that ψ(W F ) is bounded and included in the set of semi-simple elements in Sp(2n, C) and the restriction of ψ to the two copies of SL(2, C) is algebraic [1, 2, 18] .
To any A-parameter ψ, Arthur associates an L-parameter φ ψ by
If ψ is an A-parameter, we may decompose it into a direct sum
where m i , n i ∈ Z + , φ i is a continuous homomorphism such that φ i (W F ) consists of semisimple matrices and S m is the m dimensional irreducible complex representation of SL(2, C). Note that
Therefore, for ψ = φ ⊗ S m ⊗ S n , we have
Let σ be an irreducible supercuspidal generic representation of SO(2ℓ+1, F ) and let
Let φ be the L-parameter of ρ. We consider
where m ∈ Z + . The corresponding L-parameter φ ψ is equal to
and the base point representation attached to this L-parameter is
Jacquet modules
In the proofs of the main results (Theorems 4.1, 5.1 and 6.1), we relly on considerations of Jacquet modules of parabolically induced representations. In this section, we prove some technical lemmas on Jacquet modules we need in the rest of the paper.
The following lemma follows directly from [6] , Corollary 4.3. Lemma 3.2. Let π be an admissible representation of G = SO(2ℓ + 1, F ). Let
Proof. We prove 1. For 2., the proof is similar. According to Lemma 3.1,
For an ordered partition (n 1 , . . . , n q = n) of n, denote by Sh (n 1 ,...,nq) the set of all shuffles of sets {1, . . . , n 1 }, {n 1 + 1, . . . , n 2 }, . . . , {n q−1 + 1, . . . , n q } [6] . (Suppose that S 1 , S 2 , . . . , S q are disjoint ordered sets. A shuffle of the sets S 1 , S 2 , . . . , S q is a permutation p of the set S = S 1 ∪ S 2 ∪ · · · ∪ S q which preserves the order on each of
permutation of the set {1, . . . , k} acts on π 0 by permuting ρ 1 , . . . , ρ k . In addition, if
The following lemma follows from [6] . It describes Jacquet modules of representations induced from intermediate Levi subgroups.
where Sh , 1} such that ν ±α ρ ⋊ σ is reducible and ν β ρ ⋊ σ is irreducible for |β| = α [24] . In this section and two consecutive sections, we consider the cases α = 
Letψ be the A-parameter ofπ.
(1) If k is even, then 
and π is generic [22] . We can apply Lemma 4.2 of [7] and Theorem 6.1 of [17] to find the L-parameter ofπ. The L-parameter ofπ is equal to
Before we apply (4), we have to rearrange this expression:
2. Let k = 2m + 1 odd. The proof is by induction on m ≥ 0. For m = 0, the
Now, assume the theorem holds for m − 1 and prove it holds for m. From (5),
Let τ be the representation corresponding to the A-parameter φ ⊗ S 2 ⊗ S 2m+1 ⊕ i∈A φ i ⊗ S 1 ⊗ S 1 . Then, by (4), the corresponding L-parameter is
By the induction assumption,π 1 = τ 1 . To apply the assumption, we have to prove
We do it in two steps. First, define
Denote by M the standard Levi subgroup of G = SO(2(n(2m
and, according to Lemma 3.4,
Here, we use the fact that z (2−q,1) = 1 for q = 0 or q = 1. We claim the multiplicity 
and
Denote by M ′ the standard Levi subgroup of 
In a similar way as earlier, we show π ′ is a subrepresentation of Π
This implies (7) . Let us mention that the arguments presented here do not work if we try to put two steps of the proof into one single step, because the multiplicity of ν
The Aubert involution is defined on the Grothendieck group. It commutes with parabolic induction. If we apply the Aubert involution on (7), we see thatπ is a component of the representation
We show thatπ ∼ = π andτ 1 ∼ = τ 1 . The representation σ is generic and supercuspidal.
Thenσ is also generic and supercuspidal. The representations σ andσ belong to the same L-packet. According to Theorem 1.1 of [17] , there is a bijection between the set of equivalence classes of irreducible supercuspidal generic representations of SO(2n + 1, F ) and the set of L-parameters described in Theorem 1.1 of [17] . This impliesσ ∼ = σ. As explained in Section 6 of [28] , L s (δ 1 , . . . , δ n , σ)˜= L s (δ 1 , . . . , δ n ,σ).
Therefore, (π)˜∼ = (π)ˆ∼ =π. It follows thatπ is a component of the contragradient of (10) , that is,π is a component of ν
On the other hand, Frobenius reciprocity and (7) (2((2m − 1)n + ℓ) + 1, F ) . From the exactness of the Jacquet functor, we have
where
We apply the Aubert involution on (11). According to [3] , Théoremè 1.7,
In particular, r M,G (π) ≥ Π ′′ 0 , where
To finish the proof, we need the following two lemmas. 
Proof. By induction on m ≥ 1. This proof is independent of the proof of Theorem 4.1, and two inductions do not interfere.
The representation ν
ρ ⊗ σ appears in (12) only for q = 0, for the permutation 1 ∈ Sh (2,2m+1) . Therefore, the multiplicity of ν
Now, assume the lemma holds for m − 1. From Lemma 3.3,
Observe that neither ν
Therefore, Π (14) which is, by the induction assumption, equal to one. 
To obtain Π ′′ 0 in (15), we obviously need q = 0 and r = 0. Suppose
where s ∈ Sh (1,2,2m+1) and (16) is possible only for
This representation, however, does not appear in (17) r
It follows the multiplicity of Π ′′ 0 in r M,G (Π ′′′ ) is equal to the multiplicity of (ν (17) (
Arthur parameters and Aubert involution: Reducibility at 0
We continue to study symmetry of the A-parameters under the Aubert involution.
Theorem 5.1. Let ρ be an irreducible unitary supercuspidal representation of GL(n, F ) and σ an irreducible supercuspidal generic representation of SO(2ℓ + 1, F ). Suppose ρ ⋊ σ is reducible. Let i∈A φ i ⊗ S 1 be the L-parameter of σ and φ be the L-parameter of ρ. Let π be the representation with the A-parameter
(1) If k is odd, then
Proof. [22] . The L-parameter ofπ is equal to
2. Let k = 2m even. The proof is by induction on m ≥ 1. Assume m = 1. Then
and we have to prove π =π. According to (5) , 
We apply the Aubert involution on (18) . According to [3] , Théoremè 1.7,
We search in ( 
the corresponding L-parameter is
with multiplicity one in the Jacquet modules of each of the following representations:
It can be shown that Π 
If we apply the Aubert involution and contragredient on (20), we conclude thatπ is a component of the representation
On the other hand, (20) 
Based on considerations of Jacquet modules, we can showπ
Arthur parameters and Aubert involution: Reducibility at 1
In this section, we study symmetry of the A-parameters for the remaining case, for the point of reducibility α = 1. At the end of the section, we give an example where the Aubert involution sends a base point to a representation which is not a base point (Remark 6.1).
Theorem 6.1. Let ρ be an irreducible unitary supercuspidal representation of GL(n, F ) and σ an irreducible supercuspidal generic representation of SO(2ℓ + 1, F ). Suppose νρ⋊σ is reducible. Let i∈A φ i ⊗S 1 be the L-parameter of σ and φ be the L-parameter of ρ. Let π be the representation with the A-parameter
(1) Assume k is odd. Letψ be the A-parameter ofπ. Then
(2) Assume k = 2m is even. Letφ be the L-parameter ofπ. Then
In particular, if m ≥ 2,φ is not the image of an A-parameter, i.e.,φ is not of the form φψ, for an A-parameterψ.
Proof. 1. Identical to the proof of Theorem 5.1, 1.
According to [27] , Theorem 7.1, the representation ρ⋊δ(νρ; σ) is reducible. Therefore, ρ ⋊ δ(νρ; σ) = τ + τ ′ , where τ and τ ′ are irreducible tempered representations [14] .
It follows from r M,G (ρ ⋊ δ(νρ; σ)) = 2 ρ ⊗ νρ ⊗ σ + 2 νρ ⊗ ρ ⊗ σ that (22) r M,G (τ ) = ρ ⊗ νρ ⊗ σ and r M,G (τ ′ ) = ρ ⊗ νρ ⊗ σ + 2 νρ ⊗ ρ ⊗ σ.
Further, r M,G (τ ′ ) exhausts appearence of νρ⊗ρ⊗σ in the Jacquet module of νρ×ρ⋊σ.
If we apply this information to (21) , we see that δ[ν −1 ρ, ρ] ⋊ σ has two irreducible components, τ ′ and π. In addition, r M,G (π) = ρ ⊗ ν −1 ρ ⊗ σ. We apply the Aubert involution and we obtain r M,G (π) = ρ ⊗ νρ ⊗ σ. Equation (22) It can be shown the multiplicity of Π 0 in r M,G (Π) is one. Also, Π 0 ≤ r M,G (π). It follows thatπ is a subrepresentation of Π. Since Π is the representation induced from Langlands data, it has the unique subrepresentation. This proves (24) . The L-parameter of (24) is (25)φ = (
If we compare (25) with (4), we see that (25) is not of the form (4). Indeed, the summand corresponding to j = is missing in (25) . This completes the proof of the theorem. ρ ⊗ νρ ⊗ σ + 2 νρ ⊗ ρ ⊗ σ. Therefore, in this example, the Aubert involution does not send a base point to a base point. Set
It follows from [7] that
so ψ ′ andψ ′ are symmetric.
